MODIFIED JACOBI FORMS OF INDEX ZERO 
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Abstract. By modifying a slash operator of index zero we define modified Jacobi forms of index zero. 
Sucfi forms play a role of generating nearly holomorphic modular forms of integral weight. Furthermore, by 
observing a relation between the coefficients of Fourier development of a modified Jacobi form we construct 
a family of finite-dimensional subspaces. 



1. Introduction 

Let i3 denote the complex upper half-plane {r G C : Ini(T) > 0}. The letters r and z will always stand 
for variables in and C, respectively. For fixed integers k and m (> 0) we define two slash operators on a 
function : x C — > C as 

a b 
c d 



|fc,m 



^cT + dJ \cT + d'cT + dJ \\c dj 
i(j)\m[X ^^])iT,z) e™(AV + 2Az + AAi)(/)(T,z + AT + ^) ((A fi) eR^) (1.1) 

where e'^{x) :— exp(2Trimx) (and e{x) := e^{x)). Then we have the relations 
{^\k,mM)\k^^M' = ^\k,UMM') (M, e SL2(M)) 

{(PUX)\,nX' = e-^( det(^))cbU{X + X') {X, X' eR^) 



(0U,™M)U(XM) - {^\^X)\k,raM (M e SL2(M), X G M'). (1.2) 

([I] §!)• From now on, we let Fi SL2(Z) throughout this paper. A Jacobi form of weight k and index m 
on a subgroup F C Fi of finite index is a holomorphic function : ^5 x C — ?> C satisfying 

(i) 0U,™Af = for all M G F, 

(ii) (l}\mX = (j) for all X G I?, 

(iii) for each M G Fi, 4)\k,mM has a Fourier development of the form 



^ c(n,r)gX (g e(r), C e(z)). 



r"^ <Anm 



The C- vector space of all such functions 4> is denoted by Jfc,m(r). Then, as is well-known, rn'^k,m(^) 
forms a bigraded ring ([T] Theorem 1.5). And, Eichler-Zagier further developed the following theorems. 

Theorem 1.1 (1^ Theorem 1.3). Let (j) G Jfc,m(r) and (A /i) G Q^. Then the function 

(^|„, [A )(t, 0) - e"(AV)^(T, At + fi) 

is a modular form of weight k on some subgroup o/F of finite index depending only on F and (A /i) (^m the 
sense of [3 ). 

Theorem 1.2 ( Ij Theorem 1.1). J/c,m(r) *s a finite- dimensional space. 
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On the other hand, a Jacobi form of weight k and index is independent of z by the third condition for 
a Jacobi form, and hence it is simply an ordinary modular form of weight k in r. In this paper we shall 
first modify the slash operator described in when m = 0, and define so called modified Jacobi forms of 
weight k and index 0. And we shall obtain an analogue of Theorem ll.il (Theorem I3.2|) . This construction of 
modified Jacobi forms is in fact motivated by the Weierstrass cr-function, which will give us Klein forms as 
nearly holomorphic modular forms of integral weight by virtue of Theorem 13.21 (Remark 13. 5|) . 

We shall further construct certain subspaces of modified Jacobi forms of index and show that they are 
indeed finite-dimensional (Theorem 14. 6p . which could be an analogue of Theorem 1 1.21 



2. Modification of a slash operator 
For a lattice L — [wi , W2] = ^"^i + ^'-^2 in C the Weierstrass p-function is defined by 



'■GL-{0} ' 



and the Weierstrass a-function is defined as 



a{z,L):^z J] - ' 



g(z/") + (z/")72^ 



Taking the logarithmic derivative we come up with the Weierstrass ^-function 

C{z,L):=^-^ = -+ > + - + ^ 

aiz.L) z — ' V z — cj cj cj^ 

^ ' ' t^eL-{o} ^ 

Differentiating the function C(z -|-a;,i) — C{z,L) for e i results in because j^({z,L) — ~p{z,L) and 
the p-function is periodic with respect to L. Hence there is a constant ri{uj,L) satisfying (^{z + uj^L) = 
C{z,L) + ri{uj,L). So we define the Weierstrass rj-function by M-linearity, namely, if z = riui + r^oJi with 
ri, r2 e M, then 

77(2, i) := ri77(wi,L) + r2riiuj2,L). 
We further define a function "iAC^: on C by 



^(z,L) 



-1 ifzGL-2L 
1 otherwise. 



If X = (A /i) G is fixed, then the value ?/;(At + /x, [r, 1]) does not depend on r e i^. Therefore we will 
simply write ipiX) for iplXr -\- ^, [r, 1]). 

Lemma 2.1. Let L he a lattice in C. 

(i) a{z,L), rj{z^L) and ip{z,L) are homogeneous of degree 1, —1 and 0, respectively. Namely, for any 
A e C — {0} we have 

cr(Az, XL) = A(t(z, L), ri{Xz, XL) — ^^'^ "^{^^^ = i)- 

A 

(ii) If L — [uii,LU2\ and (A /^) G Z^, t/ien 

(in) Let X G R2 and M G SL2(Z). T/ien ^{XM) ^ tl){X). 
Proof. One can obtain (i) and (ii) directly from the definitions of (T(z,i), rj{z,L) and iplz^L). 
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Now, let X = (A fi) eR"^ and M 
■>P{XM) 



" ^ ] e SL2(Z). We derive that 



ijj{{\a + ^c)t + (A6 + ^d), [r, 1]) for any r G ^ 
V-'((Aa + /xc)r + (A6 + ^d), [ar + 6, ct + c?]) by the fact [ar + b,cT + d] — [r, 1] 
-0(A(ar + 6) + /i(ct + d), [ar + 6, cr + d]) 
ar + b 



V' A 3 +Ai 



;,1 



by (i) 



= V(Ar + Ai,[r,l])=V(^). 
This proves (iii). □ 

Lemma 2.2 (Legendre Relation). Let L — [uji,uj2\ be a lattice in C with uji/uj2 £ ^- Then we have 

ri{uj2,L)uJi - ri{uJi,L)u}2 = 2ni. 
Proof. See [S] p. 241 or [7] p. 41. □ 
Let k be an integer and (/):joxC— >Cbea function. We define two operators jj. and |'^' on as follows. 
{<j>\'kM){r,z) (0U,oM)(r,z) (M G SL2(R)) 

(011' [A Ai])(T,z) := (^V^A M)exp(r;(Ar + /i,[r,l])(z+i(Ar + M)))) 

x(0|o[A ((A A^)eM2). 

Proposition 2.3. (i) For any X , X' G liie get 

(C^)|1!X'= (^VWV.(X'MX + X')eQdet (^^'^^^(^/-r.'CX + X')). 
/n particular, if X , X' G Z^, f/ien 

{<t>\lx)\lx'^^\l{x + x'). 

(ii) For an?/ Af G SL2(Z) and X G we /ia?;e 
Proof, (i) Let X = (A /i) and X' = (A' fi'). If we set w = Ar + /i and = A'r + /i', then 

l^{X) exp(r/(c^, [r, l])(z + \io))^ (b{T, z + uj)^ \'^X' 

i>{XmX') exp(77(c^, [r, l])(z + c^' + i^) + r/(^', [r, l])(z + ic.')) </'(^, z + uj + uj') 



^iX),PiX')i;iX + X') exp(i(-r,(^', [r, + [r, 1] V)) ('/'I'A^ + ^')) 



^[X)^{X)^{X + X') exp(i(AV - A^')(^'7(l, [r, 1]) - v{r, [r, 1])) j (^I'^'l^ + X')) 



i!{X)il}{X')il;{X + X') exp(7ri(A'/i - A/i')) j + ^')) by Lcmma[2Jl 

This yields the first part of (i). Moreover, if X, X' G 1? ^ then 

i:{X)^{X')ii){X + X') exp(7ri(AV - A^')) 
= (_1)V+a+m(_i)AV'+a'+m'(_i)(a+a')(m+m')+(a+a')+(m+m')(_i)A7<-Aa<' ^ ^ Lemma [lUii) 
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which proves the second part of (i). 

(ii) Let M = ( " y\,X ^{X fi) and (A' fi') = XM. Then 



c d J 
'uM)\l{XM) 



= (^^(XM)exp(,7(A'r + M',[r,l])(z + i(A'T + M'))) mkfiMMXM)) 

= f V(^) exp(7;(A'T + ^i', [t, l]){z + i(A'r + \ {{(j)\oX)\k.oM) by Lemma Oliii) and ([0 



On the other hand, we achieve that 



\'IX%M 



exp(77(AT + [r, l])(z + i(Ar + /i)))^ (/)|oX^ U,oM 



V'(a ) exp 7/ A + /i, 



ar + h _^ 



k 



' ) ) ) ((0|oX)U,oM) 



CT + d 2 \ CT + d 

%p{X) exp{r](X(aT + b) + ^i{ct + d), [ar + b,CT + d]){z + i(A(aT + b) + fi{cT + d)))^ 
x{(j)\aX)\kfiM by LemmaHUi) 

tlj{X) exp(r/(A'r + //, [r, l])(z + ^{X't + ^')) ) ii(t>\oX)\k,oM) by the fact [ar + 6, cr + d] = [r, 1]. 



Hence we obtain the assertion (ii). □ 
Define a function p{t,z) by 

p(t, z) := exp(i77(l, [r, l])z^ - Triz). 

Since [r, 1]) has the expansion 

\2 



^ n=l ^ ^ 



([S] p. 249), p(r, z) is a holomorphic function on x C. 

Definition 2.4. A modified Jacobi form of weight k and index on a subgroup F C Fi of finite index is a 
holomorphic function (/) : fj x C — ?> C satisfying 

(i) (j)\'^M = (f) for all M e F, 

(ii) (j)\'lX = for aU X e 1? , 

(iii) for each M G Fi, the fmiction p''(0|5,M) has a Fourier development of the form 

n>0 |r| <ro(n) 

for some increasing sequence {fo(n)}„>o of nonnegative integers such that 

ro(n) 

i> as n — 7> oo. 

n 

Here we allow that c(n,r) could be zero even if \r\ < 7'o(")- 
In what follows, we denote the C-vector space of all such functions (j) by Jfc(F). And we let J,(F) := 
Sfeez Jk(r)- 

Proposition 2.5. If T is a subgroup o/Fi of finite index, then J*(F) is a graded ring. 
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Proof. Let (j> e Jfe(r) and 0' e Jfc'(r) for some k, k' G Z. If A/ e F and X G Z^, then one can readily show 
by the definitions of slash operators that (</)0')|'j,^j,, M = (jxp' and {(j)(j)')\'l_^_f.,X — (jxf)' . 

Now let M G Fi and suppose that p^{(t>\'j^M) and (0'|J,,M) have Fourier developments 

^ ^ c(n,r)Q"C and 5] J] d(m,s)9"C, 

n>0|r|<ro(n) in>0 |s| <so (m) 

respectively. Here {ro(n)}„>o and {so('™)}m>o are increasing sequences of nonnegative integers such that 
both ro(n)/n and so{m)/m tend to as n, m — > cxd. We then have 

p'+^'m'^+k'^I) = p'=(0|>/)p'='(0'|;,,M) by the definition of r 

= 51 H c{n,r)d{m,s)q'^C. 

i=n+m t=r+s 
n>0, m>0 \r\<ro{n), |s|<so(m) 

Note that for a given ^ > there are only finitely many nonnegative integers n and m such that £ — n + m. 
So there are only finitely many integers t which contribute terms of the form g^C*. Furthermore, we have 

1^1 ^ ''o(") + so("i) fro{n + ni) so{n + ■m)\ 

— < < 2 max , ^-Oasn + TO-^oo. 

I n+m \ n+m n+m J 

Hence cfxj)' satisfies the third condition for a modified Jacobi form of weight k+k'. This proves the proposition. 

□ 

Proposition 2.6. Let (f> be a modified Jacobi form of weight k. Assume that the function z ^ (j){To,z) is 
not identically zero for a fixed point tq ^ f). Let F be a fundamental domain for the torus C/[ro, 1], whose 
boundary does not have any zeros of (pij^ , z) ( , such F always exists). Then (j){TQ,z) has exactly —k zeros 
(counting multiplicity) in F. 

Proof. It follows from the second condition for a modified Jacobi form (j) that 

(^^(A p)exp{iiXT + fi,[T,l]){z+^{XT + p)))^ ^{t,z + \t + p)^<P{t,z) ((A p.) el?). (2.1) 

Differentiating the above equation with respect to z we have 

-0(A p)exp{ri{\T+p,[T,l\){z+\{\T+p)))^ (^ri{\T+p,[T,l])(j){T, z+\T+p)+(j)^{T, z+Xr+p)^ = (I)^{t, z) 

(2.2) 

where (j)z = -j^fj). Dividing the equation (|2.2p by (|2.1I) we obtain 

kr]{\T + p, [t, 1]) + ^{t,z + \t + p) = ^{t,z). 

9 <P 

If we put (A p) — (1 0) and (0 1) in the previous equation, then we get that 

fc,7(r, [r, 1]) + ^(r, z + r) = ^(r, z) and fcr?(l, [r, 1]) + ^(r, z + 1) = ^(r, z), (2.3) 
(p (p (p (p 

respectively. Now, we set dF — dFi + dF2 + dF^ + dF^ as follows: 

dF^ 

- ZO + 1 + To 
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By the Residue Theorem we derive that the number of zeros of (/'(tq, z) in F is equal to 
T~ / ^{To,z)dz = ( TT" / %(^o,2)dz + / ^{To,z)dz 

^ / ■^i'^o, z)dz ~ ^ (f ^{To,z + To)dz 

■^iTo,z + l)dz + ^ (f ^{To,z)dz 

= J_ / ki]{To,[To,l])dz + ^ (f fc77(l,[ro,l])dz by (ESI) 
fc 

= ■;r~('?('^o, [to, 1]) - To77(l, [ro, 1])) = -fc by LemmaO 

This completes the proof. □ 

Corollary 2.7. Let T be a subgroup o/Fi of finite index. For all positive integers k we have Jfe(r) = {0}. 

Proof. Assume that there exists a nonzero element of Jk(r) for some k > 0. Take a point tq G i3 such 
that (/)(to,2:) is not identically zero. And, consider a fundamental domain F for C/[tq, 1] whose boundary 
has no zeros of (/)(to, z). Then 0(to, z) has — fc < zeros in F by Proposition which is impossible. Hence 
Jfc(r) = {0} for ah fc > 0, as desired. □ 

3. Construction of nearly holomorphic modular forms 

In this section we shall show that through a modified Jacobi form one can generate nearly holomorphic 
modular forms of integral weight. 

Lemma 3.1. //(A ^) g R^, then 

exp(77(AT + fi, [r, l])(z + i(AT + ^i)))p{r, z)p{r, z + Xr + pi)-^ = - \))q^(^'^^/\-^ . 

Proof. We achieve that 

exp(?7(Ar + ^, [r, l])(z + \{\t + h)))p{t, z)p{t, z + Xt + 

= exp (^(A?7(t, [t, 1]) + prj{l, [r, l]))(z + i(Ar + ^i)) + i?7(l, [t, l])^' - ttzz 

-i77(l, [t, 1])(2 + At + + Tri{z + At + /^)^ 
= exp ^(t?7(1, [t, 1]) - i]{t, [t, 1]))(-A - ^AV - iA/i) + tt^At + nip^ 
= exp ( 27ri(— A — ^A^t — \\p) + ttjAt + trip ) by Lemma[ 



= e{\p{l-\Ui'->^y'C' 
as desired. □ 

Theorem 3.2. Let T be a subgroup of Ti of finite index. Let (j) G Jfc(r) for some integer k. Then for 
X G the function 

is a nearly holomorphic modular form ( that is, holomorphic on ^ and meromorphic at every cusp ) of weight 
k on some subgroup of T of finite index depending only on T and X . 
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Proof. Let X ^ {X fi). For any X' G 2Z'^ we have 

ct>x+X'ir) = mX + X'))ir,0) = ic^\UX' + X)ir,0) 



^{X')^iX)^j{X' + X)e(^^dct (^^^ (((/)|i;X')|'fc'X)(r,0) by Proposition [ISli) 

= (^^(X)V'(X)eQdet (^^^ M'^X')\'^X){t,0) because X' e 22^ 

— det fj^/ j j 4'x{'t) from the second condition for 0(t, z). 



On the other hand, for any M = [ , ) £ F we deduce that 



c 



d 



{cT + d) '^4>x ( — - I = (('?^lfc^)lfe-^^)('''; 0) by the definitions of (j)x and slash operators 

\CT + a J 

= {{(l)\'kM)\'l{XM)){T,0) by Proposition [23i;ii) 

= {(t)\'l{XM)){T, 0) by the first condition for (/)(t, z) 

= 4>xm{t). 

Thus the above observations indicate that (px (t) behaves like a modular form with respect to the congruence 
subgroup 



M e F : XM = X (mod 2Z'), 2 ' ^et ( _ ^ ) G Z 



a 6 
c d 



e F : (a - 1)A + c^l, bX+{d- 1)^, fc(6A^ + (d - a)A^ - c^^) £ 2Z 



which contains F n F( g^^^ ^-^ ) if X e ^Z"^ for some integer iV > 1 and F( g^j^ fc-) ) is the principal 
congruence subgroup of level ■ 

Next, let M ~ ^) ^ ^'^"^ suppose that p'°(0|'j,M) has a Fourier development 

n>0 |r| <ro(ri) 

such that ro{n)/n — > as n — >■ cxd. Then we get that 

' ar + 



T>X 



(cT + d) 

\CT + d 

{{(j)\'^X)\'f.M){T,0) by the definitions of (px and slash operators 
{{(p\'kM)\'^{XM)){T,0) by Proposition imjii) 



= (^ij{XM) cxp{^f]{X'T + A*', [r, 1])(A't + {(l)\'kM){T, X't + ^i') where (A' = XM 

^(XM)exp(i77(A'r + ^',[r,l])(A'T + Ai'))) (p"' E E c{n,r)q-C'){T,X'T + 
^{XM)e\y{\-}^))q^'^^-^^l^ E E c(n,r)e(Ai'r)g"+^''' by Lemma [331 (3.1) 

' n>0|r|<ro(n) 



Now, we observe that 



n + A'r > n — |A'|ro(n) = n( 1 — A^| '^"^"'^ ) cx) as n — > 00, 
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from which it follows that for a given rational number I there are only finitely many n and r which contributes 
the term in (j3.1l) . Hence (j)x{T) is meromorphic at each cusp. This completes the proof. □ 

We are ready to introduce well-known Klein forms in view of Weierstrass (T-function which will be a 
concrete example of modified Jacobi form. 

Lemma 3.3. (i) Let L be a lattice in C. If uj £ L, then 

a{z,L) 

(ii) The function a{T, z) := a(z, [r, 1]) has the infinite product expansion 

= - 2^^("' - ^) n — ^2 — • 

Proof See [F p. 241, p. 247 or [7] p. 44, p. 53. □ 
Theorem 3.4. The function ct(t, z) belongs to J_i(ri). 

Proof. First, we note that a{T, z) is a holomorphic function by Lemma IS.Sr ii). 
Let M = ( ° J I e Fi. Then we derive 



{a\'_iM){T,z) = {cT + d)a{ ^ 



^ CT + (i ' 

= a{z, [ar + b, ct + d]) by Lemma l2.1f i) 
— a{T, z) by the fact [ar + 6, cr + d] ~ [r, 1]. 
And, for X = (A ji) ^1? we achieve that 

{a\'LiX){T,z) = Ai)exp(77(AT + /i,[T,l])(z+i(AT + M)))) a(r,z + AT + ^) 

= (^(r, z) by Lemma IS^ST i) . 
Finally, let i\f e Fi. Then we have 

p(t, z)^"^ {cr\'_iM){T , z) = p(r, z)^^a{T, z) by the first part of the proof 

= -^(1 - ft " ".f ^''^ by LemmaBHii). 

Hence it is easy to check that cr(T, z) satisfies the third condition for a modified Jacobi form by adopting the 
argument in the proof of Proposition [2?5] Therefore (t(t, z) belongs to J„i(Fi). □ 



Remark 3.5. It follows that if (A fi) ^ N Z for some integer iV > 1, then the function 

*(A ^)M-=(^r-i[^ A'])(t,0) = V(A Ai)exp(-i77(Ar + ^,[r,l])(AT + M))'T(T,AT + ^) 



is a nearly holomorphic modular form of weight —1 on F(2A^^) by Theorem 13.21 This function is called a 
Klein form (indexed by (A ^)) whose infinite product expansion is 

^A //)(^) = ^(/'(^ " - <i^)q ) 11 n _ „)2 

71 — 1 ^ ^ 

if (A /i) ^ (and identically zero otherwise). The modularity of a product of finitely many Klein forms 
on F(iV) arc intensively studied by Kubert and Lang ([4]). On the other hand, in a recent paper [2] the 
authors present a sufficient condition for a product of Klein forms to be a nearly holomorphic modular form 
on Fi(iV). 
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4. FiNITE-DIMENSIONAL SUBSPACES 

In this section we shall consider a family of finite-dimensional subspaces of Jki^i)- 

Definition 4.1. Let k be an integer. For each integer to > we let J™ be the subspace of Jk {■— Jki^i)) 
consisting of for which p'^cj) = J2n>o J2\r\<ro{n) r)q'^C and 

k 

min{n — ro{n) : n > 0} + — > —to. (4-1) 

8 

Remark 4.2. (i) Note that since 

n — rQ[n) — n\ 1 — cxd as n — ;> oo, 

V n J 

the minimum of n — 7'o(n) exists. Thus we have a filtration Jj. Q Q ■ • ■ and Jk — ^m=iJ'k ■ 
(ii) Since p~^(T has the following Fourier development 

n— 1 \ J. / V 

+ (-3ri+9-9C + 3C^)g2 

+ (C"^ - 9C"^ + 22 - 22C + 9C^ - C^)q^ 

+ (51 - 51C - 22C^ + 22C^ + 3C^ - K^)q^ 

+ (9C"^ - 51C"^ + 108 - 108C + 51C^ - %^)q^ + ■ ■ 

one can readily check that the Weierstrass cr- function in fact lies in J^^. 
Proposition 4.3. Let 4> E Jk for some integer k with p^(f) = ^ c(n, r)q^C,'^ . Then we have 

c(n, r) = {-if^cin - rA - \k{\^ + A), r + Afc) (4.2) 

for all integers n, r and A. 

Proof. If (A /i) G Z^, then we derive that 

Y,c{n,r)q''C = /0(r, z) = p\<i,\l [A p]) 

n.r 

= p{T,zf(^^{X /^)exp(r7(AT + /i,[T,l])(z + i(Ar + /i)))^ 0(r, z + Ar + ^) 

= P{t, Z)'' (^tPiX fi)exp{Tj{XT + p,[T,l]){z+U^T + p)))^ p{T,Z + XT + p)-''{p''(j)){T,Z + XT + p) 

= UiX p)e{^p{l- X))q^^'^-^^/^C^) ^c(n,r)q"+'-^C'' by Lemma O 

^ n,r 

= (-l)^'^' r)q"+''^+''-^(i-^)/2^'^-Afc LemmaO;ii) 

n.r 
n' ,r' 

by letting r' := r — Xk and n' := n + r'A + ifc(A^ + A). 
We get the assertion by comparing the coefficients of Fourier developments. □ 
Remark 4.4. If we put A = 1 in (|4.2p . then we have 

c(n, r) = (-l)*-'c(n - r - fc, r + fc). (4.3) 
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Let (j) E Jk for some integer k with p'^cj) — X^n r '^("•' '')'?"C'^- Then, for X — {u u) G we defined in 
Theorem [Q 



(^{u v) exp{r]{uT + v, [t, 1]){z + ^{ut + v)))^ p{t,z + ut + vy^{p^(j)){T,z + ut + i;)|(t,0) 
(^k{u «)e(iv(l -m))<7"(i-")/2^-"') ^c(n,r)e(i>r)g"+"''C''j(r,0) by Lemma O 

= (i:{u v)e{\v{l - u))\ ^ c(n, r)e(«r)q"+"'-+'="(i-")/^ (4.4) 

Proposition 4.5. Let X, F G with X = Y (mod 1?). Then (I)x{t) — £,cI)y{t) for some root of unity ^. 

Proof, li X ~ {u v) and Y = {u v + 1), then one can readily get from the expression (I4.4p that 4)x{t) ~ 
£,4'y{t) for some root of unity ^. 

Now, let X = {u v) and Y = [u + l v). We obtain from the expression (|4.4p that 

<^y(T) = + l «)e(-it;u)') ^c(7i,r)e(wr)g"+("+i)'^-'=("+i)"/2 

= (tlj{u + l v)e{-\vu)\ ^ c(n'-r' -fc,r' + fc)e(wr')e(vfc)q"'+"'''+'="(i-")/2 

7i' .r' 

by letting r' :^ r — k and n' ?i + r' + fc 
= (^Vlw + 1 w)e(-iH) e{vk)(-l)'' c(n', r')e(vr')g"'+'"^'+''"(^""^/^ by RemarkiM] 

— ^.(j^xiT) for some root of unity ^. 
This proves the proposition. □ 

Now we are ready to prove our main theorem about dimension. 
Theorem 4.6. Let k < and m > be integers. Then JJJ^ is finite- dimensional. 

Proof. Pick any — fc + 1 distinct pairs of Xj = {uj vj) G Q'^ with < uj, vj < 1. Let G J™ with 
p'^'P = J2n r ^)9"C'^- Then the functions 

(j^xAr) ^ WkX,)iT,o) (j = i,... + 

are nearly holomorphic modular forms on some congruence subgroups Tj depending on Xj by Theorem 
If M = f " ^ ) e Ti, then we have 



c 



{cT + d) '^4'Xj(———i] — (0|fe^j|feM)(T, 0) by the definitions of slash operators 



CT + d 



(0|'feM)|'fe'(XjM)(T,O) by Proposition [23i;ii) 

{(l)\'^{XjM)){T, 0) by the first condition for a modified Jacobi form 
^x.Mir). (4.5) 



Set {Uj Vj) :— XjM. We may assume that < u'^, Vj < 1 to estimate oidq(j>XjMiT) by Proposition 14.51 
Note that from the expression (|4.4I) one can deduce 

</'x,Af(T)-eE E c(n,r)e(«^.r)(j"+"^'-+K(i-«^)/2 

ri>0 \r\<ro{n) 
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for some root of unity ^. It follows that 

ordq(j)XjM{T) > mm{n + u'^r + ku'^{l - u'j)/2 : n > 0, |r| < ro(n)} 

> min{n — ro{n) + k/8 : n > 0} because < u^, v'^ < 1 

> -m by the condition (|4.ip for (j) e (4.6) 

On the other hand, we consider a map 

-fc+i 

g : Jr ^ Mfe+i2™(r,) 

^ (0x,(r)A(r)")7i+i 

where Mk+i2m{^ j) is the space of modular forms of weight k + 12m on Fj, and A(r) := (27ri)^^(7 J|^j^(l — 
q-nyii jg ^]-^g modular discriminant function. As is well-known, each Mk+i2m(^ j) is of finite dimension 
([6] Theorem 2.23) and A(r) is a modular form of weight 12 on Fi which does not vanish on ^ and has 
ordqA(T) = 1 ([3 Chapter I §3). Hence the identity (|4.5p and the inequality (|4.6p imply that g is well-defined. 

If (f) and (j)' are two distinct elements of J™, then there exists a point tq G -5 such that the function 
(0 — 0') (''Oj ^) is not identically zero and has no zeros on the boundary of the fundamental domain generated 
by To and 1 (for the torus C/[ro, 1]). Suppose that and 0' have the same image via g. Then for every j 

= (<^x. A™ - 4>'x,^n{ro) - [H, ~ <t>'x,){ro)^{r,r- 

Since A(ro) ^ 0, we get 

= {^x, - A,)iro) - W^X, - ^'\'^X,){to, 0) 

= (^V^Wj Wi)exp(?7(MjTo+Uj,[To,l])i(MjTo+l'j))^ ((/)-(/)') (tq , UjTo + ) . 

This implies (0 — (/)')(ro, itjTo -I- Vj) = 0. Thus the function {(f) — 0')(ro, z) has at least — fc + 1 distinct zeros 
in the fundamental domain F generated by tq and 1. (When {(j) — (/'')(to, z) has zeros on the boundary dF, 
we slightly move F into a new domain F' so that the points ujTq + Vj still lie inside F' and the boundary 
dF' has no zeros of {cf> — (j>'){TQ, z).) But, this contradicts Proposition 12.61 Therefore, g is injective; hence 
we obtain 

-k+i 

dimcJfe" < ^ dimcA4+i2m(rj) < oo 
as desired. □ 
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